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Elliptic curves maximal over extensions of finite
base fields
A.S.I. Anema
Abstract
Given an elliptic curve E over a finite field Fq we study the finite
extensions Fqn of Fq such that the number of Fqn-rational points on E
attains the Hasse upper bound. We obtain an upper bound on the degree
n for E ordinary using an estimate for linear forms in logarithms, which
allows us to compute the pairs of isogeny classes of such curves and degree
n for small q. Using a consequence of Schmidt’s Subspace Theorem, we
improve the upper bound to n ≤ 11 for sufficiently large q. We also show
that there are infinitely many isogeny classes of ordinary elliptic curves
with n = 3.
1 Introduction
Let E be an elliptic curve over Fq. Recall the well-known Hasse bound on the
number of points on an elliptic curve
||E(Fqn)| − qn − 1| ≤
⌊
2
√
q
n⌋
,
see for example [8, Theorem V.1.1] or [9, Theorem 5.1.1]. If E attains the Hasse
upper bound over some finite extension, that is
|E(Fqn)| = qn + 1 +
⌊
2
√
q
n⌋
for some n, then we say E is maximal over Fqn . We are interested in:
Question. Let E be an elliptic curve over Fq. Is E maximal over some finite
extension of Fq?
This question is studied and partially answered by Doetjes in [3]. He shows
that every elliptic curve over F2 is maximal over some extension, that elliptic
curves over F3 in five isogeny classes are maximal over some extension, that
elliptic curves over F3 in the remaining two isogeny classes are not maximal
over extensions of low degree, and that elliptic curves over Fq with q a square
are maximal over some extension in precisely three cases.
Our first result is summarized as:
Theorem 1. Let E be an elliptic curve over Fq and a1 = q + 1− |E(Fq)|.
1. If E is supersingular, that is a1 ∈
{
0,±√q,±√2q,±√3q,±2√q}, then
E is maximal over infinitely many extensions of Fq except when a1 ∈{−√q, 2√q}. In these exceptional cases extensions over which E is max-
imal do not exist.
1
2. If E is ordinary, that is gcd (a1, q) = 1, then there are at most finitely
many extensions of Fq over which E is maximal. Furthermore if q is a
square, then such extensions do not exist.
We prove the first part of the theorem in Section 2. The second part we treat
in Section 3. There we also give an explicit bound on the degree of the extension
and list the pairs q, a1 with q < 1000 corresponding to ordinary elliptic curves
over Fq maximal over some finite extension. In Subsection 3.3 we show that the
degree of the extension is at most 11 for sufficiently large q.
Our second result is:
Theorem 2. For infinitely many primes p there exists an elliptic curve E over
Fp such that E is maximal over Fp3 .
This confirms an observation made by Soomro in [9, Section 2.7] as well as
our computations in Subsection 3.2. We prove the theorem in Section 4.
Notice that the property of E to be maximal over Fqn depends only on the
isogeny class of E, because isogenous elliptic curves over a finite field have the
same number of points, see [2, Lemma 15.1]. The isogeny classes of elliptic curves
over Fq correspond to integers a1 such that |a1| ≤ 2√q and some additional
conditions, see [10, Theorem 4.1]. Define the integers an as
an = q
n + 1− |E(Fqn)|.
If α is an eigenvalue of Frobenius, that is a root of the polynomial X2−a1X+q,
then an = α
n + α¯n with α¯ the conjugate of α, see [8, Section V.2]. So, the an’s
satisfy the recurrence relation
an+1 = a1an − qan−1
for n a positive integer and a0 = 2. Hence we reduced our question to:
Question. Let q be a prime power and a1 an integer such that |a1| ≤ 2√q. Is
there a positive integer n such that −an =
⌊
2
√
qn
⌋
?
In this chapter q, a1 are integers with q ≥ 2 and |a1| ≤ 2√q, α is a root of
X2− a1X + q and β = α√q . Fix an embedding Q
(√
q, α
)→ C such that √q > 0
and α lies in the upper half-plane, that is arg (α) ∈ [0, π].
If β is a root of unity, then the pair q, a1 is called supersingular, otherwise
the pair is called ordinary. This definition agrees with the one for elliptic curves
whenever the pair q, a1 corresponds to an isogeny class of elliptic curves, see
again [10, Theorem 4.1].
The answer to the question is divided into two cases, namely the supersin-
gular case and the ordinary case.
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2 Supersingular case
The first part of Theorem 1 follows directly from:
Proposition 3. Let q, a1 be integers with q ≥ 2 and |a1| ≤ 2√q. If the pair
q, a1 is supersingular, then −an =
⌊
2
√
qn
⌋
for some positive integer n if and
only if
a1 ∈
{
0,
√
q,±
√
2q,±
√
3q,−2√q
}
.
Moreover if such an integer n exists, then there exist infinitely many.
The proposition above extends the result for Fq with q a square presented
in [3, Chapter 5] to arbitrary q ≥ 2. The new proof uses the following results:
Lemma 4. If β is a root of the polynomial X2 − a1√
q
X + 1 with q, a1 integers
and q non-zero, then β is a root of unity if and only if
a1 ∈
{
0,±√q,±
√
2q,±
√
3q,±2√q
}
.
Proof. Suppose that β is a primitive root of unity of order n. Let ϕ denote
Euler’s function, then [Q(β) : Q] = ϕ(n). Since
[
Q
(√
q, β
)
: Q
] ∈ {1, 2, 4}, the
same is true for [Q(β) : Q]. The cyclotomic polynomials of degree dividing 4
are listed in Table 1. Evaluate X2 − a1√
q
X + 1 in a primitive root of unity ζn of
order n for n = 1, 2, 3, 4, 6 to obtain a1 = 2
√
q,−2√q,−√q, 0,√q respectively.
Notice that β is also a root of X4 +
(
2− a21
q
)
X2 + 1, and this polynomial and
the cyclotomic polynomial both have degree 4 for n = 5, 8, 10, 12. This implies
that a1 = ±
√
2q,±√3q for n = 8, 12 respectively, and that the cases n = 5, 10
are impossible. Hence a1 is as desired.
Assume that
a1 ∈
{
0,±√q,±
√
2q,±
√
3q,±2√q
}
.
If a1 = ±2√q, then X2 − a1√qX + 1 = (X ∓ 1)
2
, that is β is a root of unity.
Since β is a root of X2 − a1√
q
X + 1, β is also a root of X4 +
(
2− a21
q
)
X2 + 1. If
a1 6= ±2√q, then one of both polynomials is listed Table 1, that is β is a root
of unity. Hence in either case β is a root of unity.
Lemma 5. Let q, a1 be integers with q positive and |a1| ≤ 2√q. If n is a positive
integer, then
−an =
⌊
2
√
q
n⌋ ⇐⇒ |βn + 1| < 1
4
√
qn
.
Proof. Notice that −an =
⌊
2
√
qn
⌋
is equivalent to −an ≤ 2√qn < −an + 1,
which is the same as 0 ≤ an + 2√qn < 1. Since |an| ≤ 2√qn implies 0 ≤
an + 2
√
qn, in fact −an =
⌊
2
√
qn
⌋
if and only if
∣∣an + 2√qn∣∣ < 1.
Recall that an = α
n + α¯n and |α| = √q and β = α|α| . Observe that
an + 2
√
q
n
= αn + α¯n + 2
√
q
n
= α¯n
(
β2n + 1 + 2βn
)
= α¯n(βn + 1)
2
.
Substitute this relation in the last inequality to complete the proof.
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Table 1: The list of all cyclotomic polynomials Φn of degree d dividing 4. Recall
that ϕ(n) = [Q(ζn) : Q] = d.
d n Φn
1 1 X − 1
2 X + 1
2 3 X2 +X + 1
4 X2 + 1
6 X2 −X + 1
4 5 X4 +X3 +X2 +X + 1
8 X4 + 1
10 X4 −X3 +X2 −X + 1
12 X4 −X2 + 1
Proof of Proposition 3. Suppose that |βn + 1| < 1
4
√
qn
for some positive integer
n and βm+1 6= 0 for all integers m. Recall that β is a root of X2− a1√
q
X+1 and
by assumption β is also a root of unity. Thus the order of β is odd. According
to Lemma 4 and its proof β has order 1 or 3. If the order is 1, then |βm + 1| = 2
for all integers m. If the order is 3, then |βm + 1| ≥ 1 for all integers m. In
either case this contradicts |βn + 1| < 1
4
√
qn
. Hence for n a positive integer
|βn + 1| < 1
4
√
qn
⇐⇒ βn + 1 = 0.
Lemma 4 implies that βn + 1 = 0 for some positive integer n if and only if
the order of β is even if and only if a1 ∈
{
0,
√
q,±√2q,±√3q,−2√q}.
The proposition follows from Lemma 5.
3 Ordinary case
The first result restricting the possible values of q and n in this case is:
Proposition 6. Let q, a1 be integers with q ≥ 2 and |a1| ≤ 2√q. If the pair
q, a1 is ordinary and −an =
⌊
2
√
qn
⌋
for some positive integer n, then q is not
a square and n is odd.
Proof. Assume that −an =
⌊
2
√
qn
⌋
for some positive integer n. Recall that
β = α|α| . If q is a square or n is even, then
⌊
2
√
qn
⌋
= 2
√
qn, that is βn + 1 = 0
(see Lemma 5). However by assumption β is not a root of unity.
3.1 Upper bound on the degree
Given an ordinary pair q, a1 we derive an upper bound on the n’s such that
−an =
⌊
2
√
qn
⌋
using an estimate for linear forms in two logarithms from [6].
Proposition 7. For every integer q ≥ 2 let Nq be the unique zero of
n 7−→ n
4
log (q)− 8.87
(
10.98π +
1
2
log (q)
)
(2 log (n) + 3.27)
2 − log
(π
3
)
larger than 8007.
4
Table 2: The value of ⌊Nq⌋ for various q.
q ⌊Nq⌋ q ⌊Nq⌋
2 1840001 103 142072
3 1093182 104 104910
10 475174 105 83424
102 220290 106 69510
1. The sequence {Nq}q≥2 decreases monotonically.
2. If the pair of integers q, a1 with q ≥ 2 and |a1| ≤ 2√q is ordinary and
−an =
⌊
2
√
qn
⌋
for some n, then n < Nq.
We computed the value of Nq for several q and list them in Table 2. In the
case q = 3 Doetjes mentioned [3, p. 25] that for a1 = −2 and a1 = 1 there are
no n < 106 such that −an =
⌊
2
√
qn
⌋
, and he expected that such n do not exist
at all. Since his argument extends to n < 2998887, our upper bound on n shows
that his observation is correct.
We denote the principal value of the argument and the complex logarithm
by arg and log respectively.
Lemma 8. Let q, a1 be integers with q positive and |a1| ≤ 2√q. If n is a positive
integer such that −an =
⌊
2
√
qn
⌋
, then
|mπ + n arg (β)| = |arg (−βn)| < π
3
1
4
√
qn
for some odd integer m such that |m| ≤ n.
Proof. Assume that −an =
⌊
2
√
qn
⌋
for some positive integer n. Since |β| = 1
by construction and |βn + 1| < 14√qn < 1 by Lemma 5, |arg (−βn)| < π3 . Use
|sin (φ)| ≥ 3
π
|φ| for |φ| ≤ π6 and 12 |z − 1| =
∣∣sin ( 12 arg (z))∣∣ for |z| = 1 to obtain
|arg (−βn)| < π
3
1
4
√
qn
.
Notice that
arg (−βn) = arg (−1) + n arg (β) + 2πk = (2k + 1)π + n arg (β)
for some integer k. Define m = 2k+1. Since |arg (β)| ≤ π and |arg (−βn)| < π3 ,
|m|π = |arg (−βn)− n arg (β)| ≤ |arg (−βn)|+ n|arg (β)| <
(
n+
1
3
)
π,
that is |m| ≤ n as m,n are integers.
The logarithmic height of an algebraic number β is defined as
1
n
(
log |b|+
n∑
i=1
logmax {1, |βi|}
)
with b
∏n
i=1 (X − βi) the minimal polynomial of β over Z.
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Lemma 9. Let β be an algebraic number of absolute value one. If β is not a
root of unity, n a positive integer and m a non-zero integer such that |m| ≤ n,
then log |mπ + n arg (β)| is at least
−8.87(10.98π + dl)max
{
17,
√
d
10
, d log (n)− 0.88d+ 5.03
}2
,
where l is an upper bound on the logarithmic height of β and d = 12 [Q(β) : Q].
Proof. Since the logarithmic heights of β and β¯ are equal and arg
(
β¯
)
= − arg (β),
replace β by β¯ and m by −m as necessary to reduce to the case of negative m.
Let a and H be as in [6, The´ore`me 3]. Observe that
20 ≤ a ≤ 10.98π + dl
and using 20 ≤ a and |m| ≤ n that
H ≤ max
{
17,
√
d
10
, d log (n)− 0.88d+ 5.03
}
.
Since |β| = 1 and β is not a root of unity, apply [6, The´ore`me 3] to |m|πi −
n log (β) and use log (β) = arg (β)i to obtain the desired lower bound.
Lemma 10. Let q, a1 be integers with q ≥ 2 and |a1| ≤ 2√q. If the pair q, a1
is ordinary and q is not a square, then the minimal polynomial of β over Q is
X4 +
(
2− a
2
1
q
)
X2 + 1.
Proof. Since β is a root of X2 − a1√
q
X + 1, it is also a root of the polynomial
above. Proposition 3 gives a1 6= 0,±2√q, because β is not a root of unity.
Thus
√
q ∈ Q(β) and R(β) = C. Hence [Q(β) : Q] = 4, that is the degree 4
polynomial is irreducible.
Proof of Proposition 7. Define the function f : R≥1 × R≥1 → R as
(q, n) 7−→ n
4
log (q)− 8.87
(
10.98π +
1
2
log (q)
)
(2 log (n) + 3.27)2 − log
(π
3
)
.
Observe that f(1, n) < 0 for all n ≥ 1. The function R≥1 → R
n 7−→ q · ∂f
∂q
(q, n) =
n
4
− 8.87
2
(2 log (n) + 3.27)
2
is independent of q, strictly convex, has a unique minimum 1243 < n1 < 1244
and has a unique zero 8007 < n2 < 8008 such that n2 > n1. Therefore
∂f
∂q
(q, ⌊n2⌋) < 0 for all q ≥ 1, and as a result f(q, ⌊n2⌋) < 0 for all q ≥ 1.
On the other hand n 7→ f(q, n) is also strictly convex, because (for q, n ≥ 1)
∂2f
∂n2
(q, n) = 35.48
(
10.98π +
1
2
log (q)
)
2 log (n) + 1.27
n2
> 0.
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Moreover if q > 1, then f(q, n) > 0 for sufficiently large n. Combined with
f(q, ⌊n2⌋) < 0 this shows that for all q > 1 there exists a unique Nq > ⌊n2⌋
such that f(q,Nq) = 0.
Since q · ∂f
∂q
(q, n) = cn > 0 for all n > ⌊n2⌋, f(q′, Nq) > f(q,Nq) = 0 for all
q′ > q, which implies that Nq′ < Nq for all q′ > q. Hence the first part of the
proposition follows.
Assume that the pair q, a1 is ordinary and −an =
⌊
2
√
qn
⌋
for some integer
n. Lemma 8 gives
|mπ + n arg (β)| < π
3
1
4
√
qn
for some odd integer m such that |m| ≤ n. The integer q is not a square by
Proposition 6 and the minimal polynomial of β over Z has degree 4 and divides
qX4 +
(
2q − a21
)
X2 + q
by Lemma 10, so that [Q(β) : Q] = 4. Since |β| = 1 and β is not a root of
unity, β, β¯, −β and −β¯ are the distinct roots of this polynomial so that the
logarithmic height of β is at most 14 log (q). Lemma 9 says
log |mπ + n arg (β)| ≥ −8.87
(
10.98π +
1
2
log (q)
)
max {17, 2 log (n) + 3.27}2.
Let n0 be such that 17 = 2 log (n0) + 3.27, that is n0 = e
6.865 ≈ 958.1. If
n ≥ Nq, then n > ⌊n2⌋ > n0 and so f(q, n) < 0 by the upper and lower bounds
on |mπ + n arg (β)|, which contradicts f(q, n) ≥ 0 for all n ≥ Nq. This proves
the second part of the proposition.
3.2 Computing maximal triples
Given an ordinary pair q, a1 the upper bound in Proposition 7 reduces the prob-
lem of determining the n > 1 such that −an =
⌊
2
√
qn
⌋
to a finite computation.
An efficient method to compute such n is described in [3, Section 6.1]: n is es-
sentially the denominator of a convergent of arg (β)
π
. We extend [3, Stelling 6.8]
in order to take into account numerical errors.
Proposition 11. Let q, a1 be integers with q ≥ 2 and a1 = 2√q cos (θ) for some
θ ∈ [0, π] and x ∈ R such that for some positive integer N
∣∣∣∣x− θπ
∣∣∣∣ ≤ 12N2 ·
{
1− 23 134√213 if q = 2,
1− 23 34√q3 if q ≥ 3.
If −an =
⌊
2
√
qn
⌋
for some odd integer 3 ≤ n ≤ N and either q ≥ 3 or n ≥ 13,
then m
n
is a convergent of x for some odd m.
Propositions 6 and 11 together with x = θ
π
imply [3, Stelling 6.8].
Proof. Assume that −an =
⌊
2
√
qn
⌋
for some n. Since arg (β) = θ by the choice
of β, Lemma 8 implies that ∣∣∣∣mn − θπ
∣∣∣∣ < 13 1n 4√qn
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for some odd integer m such that |m| ≤ n. If x ∈ R such that∣∣∣∣x− θπ
∣∣∣∣ ≤ 12n2 − 13 1n 4√qn ,
then
∣∣x− m
n
∣∣ < 12n2 so that mn is a convergent of x by [4, Theorem 184].
Define the function f : R→ R as
f(n) = 1− 2
3
n
4
√
qn
.
It has a global minimum at n0 =
4
log (q) . Observe that f(n0) is positive except
for q = 2. Consider the following cases:
• If q = 2, then n = 13 is the first integer for which f(n) is positive.
• If q = 3, then 3 < n0 < 4 and f(3) < f(5).
• If q ≥ 4, then n0 < 3.
Since 3 ≤ n ≤ N is odd and either q ≥ 3 or n ≥ 13,
f(n)
2n2
≥ f(n)
2N2
≥ 1
2N2
{
f(13) if q = 2,
f(3) if q ≥ 3. ≥
∣∣∣∣x− θπ
∣∣∣∣.
Hence m
n
is a convergent of x.
Beware of applying the above proposition. If −an =
⌊
2
√
qn
⌋
for some n,
then m
n
is equal to a convergent of θ
π
according to the proposition, but m and
n need not be relative prime. However let d = gcd (m,n) and n˜ = n
d
, then
arg
(−βn˜) = 1
d
arg (−βn)
and
1
2
∣∣βn˜ + 1∣∣ = ∣∣∣∣sin
(
1
2
arg
(−βn˜))∣∣∣∣ ≤
∣∣∣∣sin
(
1
2
arg (−βn)
)∣∣∣∣ = 12 |βn + 1|,
so that −an˜ =
⌊
2
√
qn˜
⌋
by Lemma 5 for n and n˜.
We implemented Algorithm 1 in PARI/GP [7] for pairs q, a1 corresponding to
isogeny classes of ordinary elliptic curves, that is q is a prime power, |a1| ≤ 2√q
and gcd (q, a1) = 1. The upper bounds on the degree n in Table 2 combined
with Proposition 11 show that approximating θ
π
up to an error of at most 10−15
is sufficient to compute the relevant convergents of θ
π
. The execution time of
the function IsSolution is reduced by verifying the necessary condition in
Lemma 8 before computing an.
Using our program we computed the triples (q, a1, n) with q < 10
6 a prime
power, |a1| ≤ 2√q, gcd (q, a1) = 1 and n > 1 such that −an =
⌊
2
√
qn
⌋
. All
triples have n = 3 or n = 5, except for (2, 1, 13) and (5, 1, 7). The triples with
n = 3 and q < 103 are listed in Table 3 and the triples with n = 5 and q < 106
are listed in Table 4. Based on these results we expect that the cases n = 3 and
n = 5 occur infinitely often, whereas the cases n ≥ 7 happen at most finitely
many times.
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Algorithm 1 The procedure MaximalCurves takes as input integers q, a1
with q ≥ 2 and |a1| ≤ 2√q such that the pair is ordinary and outputs the n’s with
n > 1 such that −an =
⌊
2
√
qn
⌋
. The function MaximalDegree(q) returns
the upper bound on n from Proposition 7, the function Convergents(x, N)
computes the convergents of x with denominator at most N and the function
IsSolution(q,a1,n) checks −an =
⌊
2
√
qn
⌋
.
1: procedure MaximalCurves(q, a1)
2: if q not square then
3: θ ← ArcCos( a12√q )
4: N ← MaximalDegree(q)
5: C ← Convergents( θ
π
, N)
6: if q = 2 then
7: for all n ∈ {3, 5, 7, 9, 11} do
8: if IsSolution(q, a1, n) then
9: print n
10: end if
11: end for
12: end if
13: for all m
n
∈ C : m odd, n odd do
14: ConvergentsToSolutions(q, a1, N , n)
15: end for
16: end if
17: end procedure
18: procedure ConvergentsToSolutions(q, a1, N , n)
19: if IsSolution(q, a1, n) then
20: if n > 1 then
21: print n
22: end if
23: for all p ∈ {3, . . . , ⌊N
n
⌋}
: p prime do
24: ConvergentsToSolutions(q, a1, N , pn)
25: end for
26: end if
27: end procedure
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Table 3: The list of all pairs q, a1 with q < 10
3 a prime power, |a1| ≤ 2√q and
gcd (q, a1) = 1 such that −a3 =
⌊
2
√
q3
⌋
.
q a1 q a1 q a1 q a1 q a1 q a1
2 1 37 6 103 10 229 15 479 22 787 28
3 2 47 7 167 13 257 16 487 22 839 29
5 2 61 8 173 13 293 17 571 24 967 31
8 3 67 8 193 14 359 19 577 24
11 3 79 9 197 14 397 20 673 26
17 4 83 9 199 14 401 20 677 26
23 5 97 10 223 15 439 21 727 27
27 5 101 10 227 15 443 21 733 27
Table 4: The list of all pairs q, a1 with q < 10
6 a prime power, |a1| ≤ 2√q and
gcd (q, a1) = 1 such that −a5 =
⌊
2
√
q5
⌋
.
q a1 q a1 q a1
2 -1 128 -7 10399 165
3 -1 317 -11 22159 -92
11 -2 2851 -33 122147 -216
23 -3 8807 -58 192271 -271
31 9 10391 -63 842321 1485
3.3 Upper bound on the cardinality
In this subsection we determine an upper bound on q and conclude:
Theorem 12. There exist only finitely many ordinary pairs q, a1 such that
−an =
⌊
2
√
qn
⌋
for some n ≥ 13.
Since Proposition 7 also gives an upper bound on the degree n independent
of q, the theorem is an immediate consequence of:
Proposition 13. Let n ≥ 13 be an integer. There exists a constant qn such
that if −an =
⌊
2
√
qn
⌋
for some integers q, a1 with q ≥ 2 and |a1| ≤ 2√q, then
q ≤ qn or the pair q, a1 is supersingular.
The height of an algebraic number β is defined as the maximum of the
absolute value of the coefficients of the minimal polynomial of β over Z.
Proof. Assume that q, a1 are integers with q ≥ 2 and |a1| ≤ 2√q such that
−an = ⌊2
√
qn⌋ for some n, then |βn + 1| < 14√qn by Lemma 5. Moreover assume
that the pair q, a1 is ordinary, that is β is not a root of unity.
Observe that βn + 1 =
∏n
i=1
(
β − ζ2i+12n
)
. Let i0 be an integer such that∣∣β − ζ2i0+12n ∣∣ = min
i
∣∣β − ζ2i+12n ∣∣,
which determines i0 uniquely modulo n because β is not a root of unity. Since∣∣β − ζ2i+12n ∣∣ ≥ min{∣∣ζ2i02n − ζ2i+12n ∣∣, ∣∣ζ2i0+22n − ζ2i+12n ∣∣} > 0,
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for all i 6≡ i0 mod n, there exists a positive constant cn such that
|βn + 1| ≥ cn|β − ζm2n| ≥ cn
∣∣∣∣ a12√q − cos
(mπ
n
)∣∣∣∣
with m = 2i0 + 1. Let ε > 0. According to [1, Theorem 2.7] there exists an
ineffective constant c′0 depending on cos
(
mπ
n
)
and ε such that∣∣∣∣ a12√q − cos
(mπ
n
)∣∣∣∣ ≥ c′0h3+ε
with h the height of a12√q . Since there are n possible values of m, the above
inequality is also true for some constant c0 depending only on n and ε. The
height of a12√q is at most 4q. Therefore
|βn + 1| ≥ c0cn
(4q)
3+ε =
c
q3+ε
for some positive constant c depending only on n and ε.
Choose ε = 18 and n ≥ 13. The upper and lower bounds on |βn + 1| imply
c < q3+ε−
n
4 . The right-hand side converges to zero for q →∞, but c > 0. Hence
q ≤ qn for some constant qn independent of β.
In some sense this proposition is the best possible in terms of n, because for
n = 7, 9, 11 and m relative prime to n we deduce from [1, Theorem 2.8] that
there exists a constant c˜ and infinitely many algebraic numbers γ of degree 1 or
2 such that
∣∣γ − cos (mπ
n
)∣∣ < c˜
h
3−ε
γ
where hγ is the height of γ. If hγ ∼ q, then
this upper bound is eventually smaller than 1
4
√
qn
.
4 Maximal over cubic extensions
In this section we prove Theorem 2. For the sake of completeness we also
discuss some properties of the case n = 3. The discussion is closely related to
[9, Section 2.7].
Given a supersingular pair q, a1 such that |a1| ≤ 2√q and −a3 =
⌊
2
√
q3
⌋
,
then a1 = −2√q or a1 = √q by Proposition 3. In this case q must be a square.
Since q is a prime in Theorem 2, we only consider ordinary pairs.
Recall the recurrence relation an+1 = a1an − qan−1 with a0 = 2 mentioned
in the introduction. From this we deduce a3 = a
3
1 − 3qa1. Therefore
−a3 =
⌊
2
√
q
3
⌋
⇐⇒ 0 ≤ a31 − 3qa1 + 2
√
q
3
< 1.
Define the function fq :
[−2√q, 2√q]→ R as x 7→ x3 − 3qx+ 2√q3. The graph
of fq is shown in Figure 1.
Proposition 14. Let q, a1 be integers such that q ≥ 3 and |a1| ≤ 2√q. If
−a3 =
⌊
2
√
q3
⌋
, then a1 = −
⌊
2
√
q
⌋
or a1 =
[√
q
]
.
Proof. Notice that fq is maximal at x = −√q, 2√q and that fq is minimal at
x = −2√q,√q and
fq(−2√q + 1) = (3√q − 1)2 > 1
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√
q3
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√
q3
Figure 1: The graph of fq(a) = a
3 − 3qa+ 2√q3.
and
fq
(√
q ± 1
2
)
=
3
4
√
q ± 1
8
> 1.
Hence −2√q ≤ a1 < −2√q+ 1 or √q− 12 < a1 <
√
q+ 12 , that is a1 = −
⌊
2
√
q
⌋
or a1 =
[√
q
]
.
According to the following proposition the case a1 = −
⌊
2
√
q
⌋
is possible
only if the pair q, a1 is supersingular.
Proposition 15. Let q be an integer with q ≥ 2 and a1 = −
⌊
2
√
q
⌋
. If −a3 =⌊
2
√
q3
⌋
, then q is a square.
Proof. Assume that q is not a square. Let a = −a1 =
⌊
2
√
q
⌋
.
The function fq is strictly monotonically increasing and strictly concave on
the interval
(−2√q,−√q), because dfq
dx
= 3x2 − 3q and d2fq
dx2
= 6x are positive
and negative respectively. Let x0 be the intersection between the line y = 1 and
the line through
(−2√q, 0) and (−2√q + 1, fq(−2√q + 1)). Then
a1 + 2
√
q < x0 + 2
√
q =
1(
3
√
q − 1)2 .
Notice that 4q = a2 + b with 1 ≤ b ≤ 2a. Since √1 + x ≥ 1 + (√2− 1)x for
0 ≤ x ≤ 1,
a1 + 2
√
q = a
(
−1 +
√
1 +
b
a2
)
≥
(√
2− 1
) b
a
≥
√
2− 1
a
≥
√
2− 1√
q
.
Combining the upper and lower bounds on −a+ 2√q yields
0 >
(√
2− 1
)
(3
√
q − 1)2 −√q,
but the right-hand side is positive by construction. Contradiction.
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We recall a sufficient condition on q such that −a3 =
⌊
2
√
q3
⌋
for a1 =
[√
q
]
.
It is [9, Proposition 2.7.1] with a different proof.
Proposition 16 (Soomro). If q = a21 + b with integers a1, b such that a1 ≥ 2
and |b| ≤ √a1, then −a3 =
⌊
2
√
q3
⌋
.
Proof. Let 0 < ǫ ≤ 13 . Consider the function
gǫ(x) = 1 +
3
2
x+
3
8
(1 + ǫ)x2 −√1 + x3
and compute dgǫ
dx
= 32 +
3
4 (1 + ǫ)x− 32
√
1 + x and d
2gǫ
dx2
= 34 (1 + ǫ)− 34
√
1 + x
−1
.
The function gǫ has extrema in x = − 4ǫ(1+ǫ)2 and x = 0. The former is a
maximum and the latter is a minimum. Let xǫ the unique zero of gǫ such that
−1 ≤ xǫ < − 4ǫ(1+ǫ)2 . Hence for all x > xǫ and x 6= 0
√
1 + x
3
< 1 +
3
2
x+
3
8
(1 + ǫ)x2.
Define x = b
a2
1
. Notice that
fq(a1) = −2a13 − 3ba1 + 2
√
a21 + b
3
= 2a31
(
−1− 3
2
x+
√
1 + x
3
)
is minimal on (xǫ,∞) for x = 0. If x > xǫ and x 6= 0, then
0 ≤ fq(a1) = 2a31
(
−1− 3
2
x+
√
1 + x
3
)
<
3
4
(1 + ǫ)
b2
a1
.
Observe that if b = 0 (or x = 0) then fq(a1) = 0.
Assume that ǫ = 13 and |b| ≤
√
a1, then x ≥ −√a1−3 > −1 = xǫ and
0 ≤ fq(a1) < 34 (1 + ǫ) = 1. Hence −a3 =
⌊
2
√
q3
⌋
.
A closer look at the proof tells us that in the proposition above the constraint
b2 ≤ a1 can be replaced by b2 ≤ 43 11+ǫa1 at the expense of introducing a lower
bound on a1 in terms of ǫ.
Before proving Theorem 2, let us motivate that it is a non-trivial statement.
Let q, a1 be a pair such that q is an odd prime and |a1| ≤ 2√q. Then a1 =
[√
q
]
and the proposition above suggests that q = a21 + b with b
2 ≤ ca1 for some
positive constant c. However the primes of this form have Dirichlet density
zero, see [9, Remark 2.7.2]. Hence it is unlikely to find such primes.
The idea of the proof is to reduce the problem to a question on Gaussian
primes in a small sector of the plane and apply [5, Theorem 1].
Proof of Theorem 2. Consider the set
S1 =
{
(a, b) ∈ Z2 : p = a2 + b prime, 0 < a, |b| ≤ √a}
and the subset S2 = {(a, b) ∈ S1 : b square}. The set S2 corresponds to
S3 =
{
(a, c) ∈ Z2 : p = a2 + c2 prime, 0 < a, 0 ≤ c ≤ 4√a}.
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Define for θ > 0
S4(θ) =
{
(a, c) ∈ Z2 : p = a2 + c2 prime, 0 < a, 0 ≤ c < pθ}
and write S4(θ) = S5(θ) ∪ S6(θ) with S5(θ) =
{
(a, c) ∈ S4(θ) : a ≥ p4θ
}
and
S6(θ) =
{
(a, c) ∈ S4(θ) : a < p4θ
}
. Observe that S5(θ) ⊂ S3. If θ < 18 , then the
set S6(θ) is finite, because p = a
2 + c2 < p8θ + p2θ and
lim
p→∞
(
p8θ−1 + p2θ−1
)
= 0.
The set S4(0.119) is infinite by [5, Theorem 1] and 0.119 <
1
8 . Hence the
sets S5(0.119) ⊂ S3 and S2 ⊂ S1 are also infinite. If p = a21 + b ∈ S1, then
|a1| ≤ 2√q and −a3 =
⌊
2
√
q3
⌋
by Proposition 16.
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